In this paper, we propose a multi-objective transhipment problem where the source and destination parameters are chosen as triangular fuzzy numbers. There is an additional entropy objective function in the multi-objective transshipment problem.Using nearest interval approximation and total integral value of the fuzzy number, the problem is transformed into two types of crisp multi-objective problems. Finally, the transformed problems have been solved by fuzzy programming technique (using Bellman and Zadeh's (1970) minimum and additive operator). Numerical examples have been given to illustrate the original problem.
Introduction
The classical transportation problem (Hitchcock transportation problem) is one of the subclasses of linear programming problem where all the constraints are equality type. Kantorovich [8] andHitchcock [6] firstdeveloped a transportation model. We can convert the transportation problem to a standard linear programming problem and then it can be solved by simplex method. Arsham and Khan [1] developed a simplex type algorithm to solve the general transportation problem. Zadeh [14] first introduced the concept of fuzzy set theory. Zimmermann [15] used Bellman and Zadeh's [21] fuzzy decision concept. Using it, Zimmermann applied the fuzzy set theory concept with some suitable linear membership functions to solve linear programming problem with several objective functions. For fuzzy multi-objective problems, we can use various membership functions. Carlsson et al. [17] used nonlinear membership functions to the fuzzy linear programming problem. Bit et al. [2] applied fuzzy programming technique with linear membership function to solve the multi-objective transportation problem. Liu and Kao [10] used extension principle for solving fuzzy transportation problem. http://www.ispacs.com/journals/jfsva/2017/jfsva-00359/ International Scientific Publications and Consulting Services Many authors worked on entropy optimization. It is applied in engineering sciences and operation research. Here entropy is acted as a measure of dispersal of trips between origin and destinations. Some authors discussed transportation-planning problems with entropy objective function. The development and analysis of such models is based to a large extent on the pioneering work of Wilson [13] . Three wellknown books [18] , [19] , [20] illustrated the usefulness of entropy optimization models in transportationplanning program. In general we assume that the coefficients or cost parameters are specified in crisp environment to solve transportation problem. There are many diverse situations in real lifedue to uncertainty in judgments, lack of evidence etc. So it is not always possible to get relevant precise data for the cost parameter. Fuzzy number may represent this data. So we need fuzzy decision making method here. In fuzzy programming problem, we take the constraints and the goals as fuzzy sets. We also assume that their membership functions are known. Before making a decision, decision-makers have to assess the alternatives with fuzzy numbers and rank these fuzzy numbers correspondingly. Ranking fuzzy numbers is a very important and useful procedure in solving a fuzzy programming problem. In reality, different viewpoints will give different ranking outcomes under the same situation. Hence, a number of methods have been proposed for ranking fuzzy numbers [3] . Liou and Wang [9] proposeda relatively simple computation and easily understood ranking method. In this paper we have introduced fuzzy multi-objective mathematical programming problem with generalized triangular fuzzy number costs in source and destination parameters. Pareto optimal solution of this problem is established. Weconsider a multi-objective entropy transhipment problem and convert it into multi-objective entropy transportation problem. The model consists of two objectives. They are minimum transportation costs and maximum entropy amount. This problem is considered with generalized fuzzynumber costs. It is reduced to primal geometric programming problem. Then primal geometric programmingproblem is solved. Numerical examples have been provided to illustrate the problem.
Mathematical model
A transportation problem in which available commodity frequently moves from one source to another source or destination before reaching its actual destination is called transhipment problem. Now the number of sources and destinations in the transportation problem are m and n respectively. But in transhipment problem we have (m+n) sources and destinations. If denotes the i-th source and denotes the j-th destination, then commodity can move along the route → → , → → , → → → or in various other ways. The transportation cost from to or is zero and the transportation cost from to and to do not have to be symmetrical. The basic feasible contains 2m+2n-1 basic variables. If we omit the variables appearing in the (m+n) diagonal cells, we are left with (m+n-1) basic variables. A multi-objective transhipment problem can be stated as follows:
, ( K=1,2,……,k). With ∑ = ∑ (balanced condition). The balanced condition is necessary and sufficient condition for the existence of a feasible solution to the transportation problem. The superscript of ( ) and denote the ℎ penalty criterion.
We also assumed that ≥ 0 , ≥ 0 , ≥ 0 for = 1,2, … … . . , + ; = 1,2, … … . . , +
For transportation problem, a buffer stock as added to all the supply and demands of all points. Generally, this buffer stock is chosen equal to ∑ or ∑ . So the transportation problem is given by, With ∑ = ∑ (balanced condition) and moreover = 0 , ℎ = .
Maximum Entropy Transportation problem
In Physics, the word entropy has important physical implications as the amount of "disorder" of a system but in mathematics, we use more abstract definition. The (Shannon) entropy of a variable X is defined as ( ) = − ∑ ( ) ln ( ), where p(x) is the probabilty that X is in the state x, and ( ) ln ( ) is defined as 0 if p(x)= 0. In transportation problem, we normalize the trip numbers by dividing them by the total number of trips
, a bivariate probabilty distribution = is found.
Now let = [ ]be the m×n trip matrix and ( ) denote the number of assignments leading to trip matrix M. So ( ) represents the number of ways in which a total of T trips can be divided into 11 , 12 , … … … . . , trips is given by
Here 's and are assumed to be sufficiently large. So by using Stirlings approximation formula, we get
Since is given, maximizing ln ( ) is equivalent to maximizing entropy, as defined in the equation (2.3) . So the entropy optimization model is suitable for the trip distribution problem. http://www.ispacs.com/journals/jfsva/2017/jfsva-00359/ International Scientific Publications and Consulting Services
In transportation model, entropy is acted as a measure of dispersal between origin nd destinations. So if we would like to have minimum transportation penalties as well as maximum entropy amount, then it will be more powerful. Taking additional objective function
. (2.6) Hence the Multi-objective Entropy Transportation Problem (MOETP) can be stated as,
Subject to same constraints and restrictions of problem (2.2).
Since entropy objective function is a convex function and all other objective functions and constraints are linear. So the problem (2.7) is a convex programming problem.
Fuzzy Numbers
Fuzzy Set: 
Convex Fuzzy Set:
A fuzzy set ̃ of the universe of discourse X is convex if and only if for all 1 , 2 in X,
Normal fuzzy set:
A fuzzy set ̃ of the universe of discourse X is normal if there exizt at least one x ∈ such that ̃( ) = 1.
Fuzzy Number:
A fuzzy number is a fuzzy set in the universe of discourse which is both convex and normal.
-cut of a fuzzy number: The -cut of a fuzzy number ̃ is defined as a crisp set = { :̃( ) ≥ , ∈ }where ∈ [0,1]. is a non-empty bounded closed interval contained in and is denoted by = [ ( ), ( )]. Here ( ) , ( ) are the lower and upper bounds of the closed interval respectively.
Let us consider a fuzzy number ̃w ith -cuts
( 2) ≥ ( 1)and ( 1) 
The nearest interval approximation of a fuzzy number
Here we use a crisp interval number to approximate a fuzzy number.Let us consider two fuzzy numbers̃ and ̃ with -cuts [ ( ), ( )] and [ ( ), ( )] respectively. Then the Euclidean distance between ̃ and ̃ is given by
Now by Grzegorzewski [11] and using equation (4.9), we have to find , so as to
The optimal solution of the problem (4.10) is * = ∫ ( ) Then Multi-objective entropy transportation problem can be stated as
.
(4.15)
≡ ( 1 , 2 , 3 ) denotes the total available amount of quantities in the i-th origin, which is at most 2 , but neither less than 1 nor greater than 3 ( = 1,2, … , + ). Now using nearest interval approximation of a fuzzy number, we can form an interval-programming problem as follows:
(4.16)
, (K=1,2,……,k). The above problem (4.16) can also be written as:
(4.17)
≥ ; Where ≥ 0 , = 1,2, … … . . , + ; = 1,2, … … . . , + .
With
Ranking fuzzy numbers with respect to their total integral value
Before making a decision, decision-makers have to assess the alternative with fuzzy numbers and rank these fuzzy numbers correspondingly. It can be seen that ranking fuzzy numbers and rank these fuzzy numbers correspondingly. It can be seen that ranking fuzzy number is a very important procedure in http://www.ispacs.com/journals/jfsva/2017/jfsva-00359/ International Scientific Publications and Consulting Services solving the fuzzy programming problem. In reality, decision-makers having different viewpoints will give different ranking outcomes under the same situation. Therefore a number of methods have been proposed for ranking fuzzy numbers (Bortolan and Degani [3] ). A relatively simple computation and easily understood method proposed by Liou and Wang [9] is considered in this study. Let ∈ [0,1]be a pre-assigned parameter, called the degree of optimism. The graded mean value (or, total -integer value) of ̃= ( 1 , 6 Mathematical Analysis
Ranking fuzzy numbers with respect to their total integral value with generalized triangular fuzzy number

Fuzzy programming technique (based on minimum and additive operators) to solve MONLP
Zimmermann [15] already showed that fuzzy programming technique could be used nicely to solve a multi-objective linear programming problem. Our MONLP is solved by fuzzy programming technique with minimum and additive aggregation operators like Zimmermann [15] . Solve the MONLP (5.22) as a single objective non-linear programming problem using only one objective at a time and ignoring the others. These solutions are known as ideal solution.
From the above results, determine the corresponding values for every objective at each solution derived.
With the values of all objectives at each ideal solution, pay-off matrix can be formulated as follows: With the values of all objectives at each ideal solution, pay-off matrix can be formulated as follows:
Now, 1 , 1 , , are identified, where 1 ≤ ( ) ≤ 1 and ≤ ( ) ≤ , for = 1,2.
Now for simplicity linear membership functions ̃( ( ))
̃( ( )) for the objective functions ( ) and ( ) respectively for = 1,2 are defined as follows:
and Subject to,
Where ≥ 0 , = 1,2, … … . . , + ; = 1,2, … … . . , +
The problem (6.35) can be expressed as, Where, = min ( 1 , 2 , 3 ) and ∈ (0,1].
Numerical Example
A numerical example of a transshipment problem (2.1) with entropy objective function is considered as follows: ; ≥ 0 , = 1,2,3,4; = 1,2,3,4. Where, 1 ( ) = 0. 11 + 1. 12 + 3. 13 + 4. 14 + 1. 21 
. The optimal solutions of the MOETP (7.38) by FNLP and FAGP are given in Table 1 . The above ; ≥ 0 , = 1,2,3,4; = 1,2,3,4.
Using interval approximation to the fuzzy number, we can write the above problem (7.39) as
(7.40) 1 ( ) = 0. 11 + 1. 12 + 3. 13 + 4. 14 + 1. 21 . ≥ 0 , = 1,2,3,4; = 1,2,3,4.
The solutions of the problem (7.40) by FNLP and FAGP are given in Table 2 . http://www.ispacs.com/journals/jfsva/2017/jfsva-00359/ International Scientific Publications and Consulting Services The above Table-2 shows that both FNLP and FAGP techniques give more or less same results. Now using ranking fuzzy number with respect to their integral value, the problem (7.39) becomes
(7.41) 1 ( ) = 0. 11 + 1. 12 + 3. 13 + 4. 14 + 1. 21 The Pareto optimal solutions of the problem (7.41) by FNLP and FAGP techniques for different values of are given in Table 3 . Let us take the MOETP same as the problem (7.38)
(7.42) 1 ( ) = 0. 11 + 1. 12 + 3. 13 + 4. 14 + 1. 21 The pareto optimal solutions of the MOETP (7.42) by primal geometric programming (PGP) method with different weights are given in Table 4 . In type-Ι, entropy is higher than the type-ΙΙ as in this case more importance has been fixed to the goal of entropy maximization. In type-ΙΙ, transportation cost is less than in type-Ι as in this case more importance has been fixed to the goal of transportation cost minimization. Fuzzy model: Considering the GTFN for the constraints of the MOETP (7.42), we take the problem as
(7.43) 1 ( ) = 0. 11 + 1. 12 + 3. 13 + 4. 14 + 1. 21 ; ≥ 0 , = 1,2,3,4; = 1,2,3,4.
The Pareto optimal solutions of the fuzzy multi-objective entropy transportation problem (FMOETP) with different weights by PGP methods when = 0.5 are given in table 5. The Pareto optimal solutions of FMOETP with different weights are presented by PGP method when = 0.5 in table 5. In type-Ι, entropy is higher than the type-ΙΙ as in this case more importance has been fixed to the goal of entropy maximization. In type-ΙΙ, transportation cost is less than in type-Ι as in this case more importance has been fixed to the goal of transportation cost minimization. The Pareto optimal solutions of FMOETP (7.43) for different values of (for same weights 1 = 0.4, 2 = 0.3, 3 = 0.3) are given in table 6. It can be noticed that as decreases, the total transportation cost slightly increases and entropy decreases. http://www.ispacs.com/journals/jfsva/2017/jfsva-00359/ International Scientific Publications and Consulting Services 
Conclusions
The present paper proposes two procedures to solve the multi-objective entropy transshipment problem where the source and destination parameters have been considered as TFNs. In one procedure, we converted the problem into a multi-objective interval programming problemand then it is reduced to crisp multi-objective programming problem. In other procedure, we used -integral value of fuzzy number to convert the fuzzy problem into a crisp multi-objective programming problem. Then the problem is illustrated by one example. Afterthat we have taken the source and destination parameters as generalized triangular fuzzy numbers. It is formulated as proposed a new fuzzy multi-objective mathematical programmingproblem. Its main advantages are its computational efficiency. Here decision-maker may obtain the optimal results according to his expectation of optimistic/pessimistic/moderate cost components. Then the problem illustrated by one example. The method presented is quite general and can be applied to the typical problems in other areas of Operation Research and Engineering Sciences.
